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Optimale Quantenkontrolle ist anwendbar auf eine Vielzahl von Quantenrepeater-Bausteinen und kann teils erhebliche Leistungsfähigkeitssteigerungen 
ermöglichen. In vielen Fällen können Konzepte zur Implementierung eines Bausteines erst durch Optimale Quantenkontrolle mit der benötigten 
Genauigkeit realisiert werden. 
Diese Quantenrepeater-Bausteine können beispielweise Gatter zum Verschränkungsaufbau und zur Verschränkungsreinigung sein (AP 2, Meilensteine 
2.1b-UL-C und 2.3a-UL-C), wo wir den Gatterfehler unter die Fehlertoleranzgrenze bringen und gleichzeitig die Operationszeit in Richtung 
Quantenspeedlimit schieben konnten, Quantenspeicher (AP 1, Meilenstein 1.1a-UL-C), die zum Aufbau mehrerer verschränkter Qubits benötigt werden 
und deren Speicherzeit sowie Ein- und Auslesegenauigkeit wir vergrößern konnten, oder Einzelphotonenquellen (AP 1, Meilenstein 1.3a-UL-C), wo wir 
die Effizienz und die Gerichtetheit optimieren konnten. 

 
 
 
 
 

ENTANGLEMENT STORAGE UNITS 
Entangled eigenstates of many body system are promising  candidate to realize the quantum 
analogue of a classical information memory support, i.e. an entanglement-storage unit (ESU). 
Large energy gaps protect ESU states from decoherence and noise.   
 
Optimal control through CRAB can be exploited to identify  and to steer a system into ESU 
states without an a priori knowledge of the spectrum.  A system  initially prepared in a 
reference state |ψ(-T)  ,e.g. the ground state, is optimally  driven via a control field Γ(t) in an 
entangled eigenstate  |ψ(−T)⟩  , protected from  
decoherence  by an energy gap. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
T.Caneva, T. Calarco, S. Montangero, Enanglement-storage units, New J. Phys. 14 093041 (2012) 

PRECISE SPIN QUBIT MANIPULATIONS IN DIAMOND 
(cooperation with the experimental group of Prof. Jelezko in Ulm)  

 
Single qubit manipulations with high fidelity are necessary for 
entanglement purification and quantum memory in a diamond spin-based 
quantum repeater. In the presence of decoherence, fast quantum 
operations are required. We use CRAB algorithm to optimise microwave 
controls that manipulate the electron spin of a single N-V centre in 
diamond.  

 
Commonly, the spin is manipulated within weak-driving regime, i.e. the 
control amplitude is much smaller than the spin's Larmor transition, 
leading to a rotating-wave-approximation (RWA). This approximation 
limits the manipulation speed since the exceeding amplitude causes 
anharmonicity. We go beyond this limit by proving numerically that high-
fidelity fast spin rotation is attainable in the strong-driving regime. Our 
simulation use realistic parameters, hence provides optimised controls 
which are realisable and robust. 

 
With Prof. Jelezko group in Ulm, we demonstrated precise and fast spin 
rotations beyond RWA where ~ 15.4 ns spin flip is observed at 30 MHz 
Larmor transition using 30-MHz CRAB driving. Basic magnetic resonance 
experiments performed using the CRAB controls (free induction decay and 
spin echo measurements) confirm the robustness of the process. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

WORK IN PROGRESS AND FUTURE PLANS 
 
In the next funding period we plan to extend the range of systems we have applied successfully the CRAB optimization for many-body quantum systems dynamics [1].   
In particular, we will follow the path developed  while we applied the CRAB optimization to the dynamics of quantum phase transition and to the manipulation of old atoms in 
optical lattice [2]. In this project we plan to build on this previous work and to develop: 
 

  1. The optimization of the manipulation of many-body Rydberg atoms states, both in the ultra-cold and at room temperature regime.  Further optimal Rydberg atoms  
manipulation  schemes are planned to be explored theoretically and experimentally in collaboration with the group of  Prof T. Pfau in Stuttgart [3]. 
 

 2. The optimization of  the manipulation of ions trapped in segmented traps. Recently, the group of Prof. F. Schmidt-Kaler in Mainz has shown  that it is  possible to transport 
trapped ions for distances of the order fractions of millimeter without introducing  unwanted excitations [4].  This paves the way to even more exciting possibilities where the 
transport is optimized at the quantum speed limit, and more sophisticated  manipulations, as  the  controlled creation of superposition states or entangled states of more than 
one atom are manipulated. 
 

3. The optimal manipulation of NV center: very recently it has been experimentally demonstrated that it is possible to implement  a quantum phase  estimation algorithm on a 
single nuclear spin in diamond to combine both high sensitivity and high dynamic range [5].  This impressive result is  however based on standard Ramsey interferometry, that 
can be improved by means of optimal control pulses. The theoretical analysis, the numerical simulations and optimization of this and similar protocols for a variety of field 
detection schemes will be performed. 
 

4. Optimal control applied to increase efficiency of the mapping  between a qubit coded in polarization state of light and that of superposition of two atomic states: Recent 
experiments performed in MPQ [6,7] show that  a state  of a photon can be faithfully stored in atom confined in a cavity.  Fidelities of such a storage and retrieval allow for the 
teleportation  of a quantum state between two distant cavities [7]. That can also be seen as a realization of a basic link between two nodes of a quantum repeater. We shall 
use a CRAB optimization method for shaping control fields that  stimulate photon-atom mapping aiming to increase efficiency of the process. 
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SINGLE PHOTON SOURCE 
(cooperation with the experimental group of Prof. Pfau  

in Stuttgart)  
 
A single photon source based on micro cells of thermal Rubidium 
vapour was analyzed. The general idea is to create an entangled 
collective state carrying imprinted the phase information, 
followed by  directed  emission of one single photon with 
specified spatial distribution. By means of optimal control -- using 
the Chopped RAndom Basis (CRAB) algorithm -- we can improve 
the lasers protocol of the collective state preparation. To this aim 
and to analyze the prepared state we use a matrix product states 
code to simulate the time evolution of the system.  
 

The main improvement is that one can construct a 
collective state with the single excitation shared over a 
bigger volume and thus more participating atoms and 
better directionality of the outgoing photon. Although 
the thermal nature of the atomic  vapour  works against 
the desired directionality, we could show that within 
the range of experimentally feasible parameters a single 
photon source is possible. 

ENTANGLING GATES AT QUANTUM SPEED LIMIT 
(cooperation with Prof. Koch group  in  Kassel )  

 
Controlled phase gates for ultracold neutral atoms trapped in optical 
potential were studied and quantum speed limiting factors were analized. 
Optimal control theory allows to calculate best pulse shapes and 
determine minimum pulse duration  for assumed fidelity. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
M.H. Goerz, T. Calarco, C. P. Koch  The Quantum Speed Limit of Optimal 
Controlled Phase gates for Trapped Neutral Atoms  J. Phys. B: At. Mol. Opt. 
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Chopped RAndom Basis  (CRAB) optimization algorithm 
applied to control quantum systems 

CRAB 
(Chopped  
RAndom Basis) 
 

Acknowledgements 

SFB/TRR 21 

• No need of gradient (Nelder-Mead, simplex, etc.) 
• No need of (semi-)analytical solutions 
• Figures of merit: energy, fidelity, entanglement 

Figure: Directionality p as a function of temperature  
for parallel (red) and anti-parallel (black) lasers.  

Figure: Infidelity  vs.  cloud’s  diameter  
for guessed Gaussian pulses (circles) 
and optimized sequence (squares).  

Figure: Optimized pulse (grey) and population dynamics for state |00⟩  
(solid black line), and  state |01⟩  (dot-dashed red line). 
 

ION TRANSPORT 

PHOTON STORAGE AND RETRIEVAL 

Figure: Control field Ω (dashed black line) and probabilities  
of finding a system in state to be stored (red) and  memory  
state (green) as a function of time. 

Quantum optimal control for quantum technologies


Tommaso Calarco
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1. Controlling quantum dynamics 
- quantum optimal control 
- gradient methods 

2. Pushing the limits 
- time: the Quantum Speed Limit 
- size: the CRAB algorithm 

3. Applying CRAB to experiments 
- open-loop vs closed-loop  
- few-body vs many-body 

4. Understanding complexity 
- control complexity vs bandwidth 
- integrable vs non-integrable systems

Outline



Scalability

What do we need?

[TC, Grangier, Walraff, Zoller, Nature Phys. ’08]



What do we need for quantum 
computing?

1.scalable system of 
well-characterized 
qubits

2.initialize qubits
3.long decoherence 

times
4.universal set of 

quantum gates
5.qubit readout

Goal: fault-tolerance error threshold



What do we need for scalability?

• Memory:
– Quantum register with many qubits
– Low decoherence rates

• Gates:
– Fast operation
– High fidelity

• …implementation with ultracold systems:
– Good isolation from environment
– Individual control
– Periodic potentials



Controlling quantum dynamics

What can we do?



1.  Ball A wins.

2.  Ball B wins.

3. It's a draw.

A

B

Time optimality: a classical ‘wiggle’



Quantum controllability: 
an intuitive picture Which path is ‘optimal’?



How can we steer quantum processes?

• You can’t get it right the first time


• Retrying helps improve


• You’ve got to know your stuff


• Once you know how to do it, you may 
do remarkable things


• Don’t forget to tilt the tray!


• ... then you can make it more interesting



Quantum wire

S. Bose, PRL 91 207901 (2003)

Initial state

Final state

|⇤(T )⇥ = |00 . . . ⇥ � (�|0⇥+ ⇥1⇥)

A simple “many-body” system: the spin chain



magnetic field interaction

Parabolic magnetic field

spin – spin coupling (nearest 
neighbour)

Transporting a state through the chain

Balachandran and Gong, Phys. Rev. A 77, 012303 (2008)

control parameters



No problem adiabatically,

Speeding up state transfer

But if we try naively to go faster...



|ψ0⟩Initial state

|ψ0⟩ −→ |ψd(T )⟩ ≡ U(d, T )|ψ0⟩

|χd(T )⟩ = |ψgoal⟩⟨ψgoal|ψd(T )⟩

F [H, |ψd⟩, |χd⟩]
2

λ
ℑ⟨χd|

∂H

∂d
|ψd⟩d −→ d +

Evolve with control d

Project onto goal state and 
evolve back

Update the control pulse

Ite
ra

te

Tilting the tray: the Krotov algorithm



~ 200 times faster

After optimization:

> 99% 

Juggling the system until destination

Running the 
optimization...



Pushing the limits

in time: the Quantum Speed Limit



How fast can we go?
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Hitting the Quantum Speed Limit

Optimal Control reaches 
the Quantum Speed Limit

 T. Caneva, M. Murphy, TC, R. Fazio, S. Montangero, V. Giovannetti, and G. E. Santoro,  PRL 2010 

High fidelity

Low fidelity

Theory:  max speed is given by N 
repeated swaps

http://xxx.lanl.gov/abs/0902.4193
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An intuitive explanation



An actual many-body example

CANEVA, CALARCO, FAZIO, SANTORO, AND MONTANGERO PHYSICAL REVIEW A 84, 012312 (2011)
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FIG. 1. (Color online) Instantaneous excitation energy in the
LMG model for an optimized (green dashed line, total time T ∼
TQSL), a non optimized (red dot-dashed line, T ∼ TQSL) and a linear
adiabatic process (orange continuous line, T ≫ TQSL). Continuous
(blue) lines represents the lowest energy levels as a function of the
driving field ! = −t/T .

shows that the outcome of the dynamical process optimization
for the many-body systems analyzed is independent from the
specific model and analogous to that of a two-level system, as
sketched through the good rescaling of the data in Fig. 2. We
interpret this result as the natural manifestation of the intrinsic
metric of the Hilbert space for pure states [23,37], as discussed
in Sec. III A. Furthermore, studying the QSL as a function of
the system size, we show that the speedup obtained by the
adiabatic GSA [33,38] can be reproduced and extended to
other models with optimized, nonadiabatic evolutions. Finally,
we introduce the action s = T " as a parameter to characterize
the evolution of a quantum system and we find that the QSL
identifies a new dynamical regime, as discussed in Sec. III B
and summarized in Fig. 5.

II. MODELS AND OPTIMIZATION

We study two paradigmatic critical systems, the adiabatic
GSA [33] and the LMG model [39] and we compare them with
the Landau-Zener (LZ) model to better understand the physics
of the process.
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FIG. 2. (Color online) Infidelity I as a function of the adimen-
sional scaling variable T/T ∗ for the LMG model (red squares), the
Grover model (blue circles), and the LZ model (green triangles). Data
correspond to half of the maximum size analyzed (N = 64).

The GSA Hamiltonian is given by

H GSA = [1 − !(t)](I − |ψi⟩⟨|ψi |)
+!(t)(I − |ψG⟩⟨|ψG|), (1)

where the initial state is an equal superposition of all N

basis states |i⟩, i.e., |ψi⟩ = (
!N

i |i⟩)/
√

N and the final target
is the specific marked state we want to extract from the
database (in our simulations |ψG⟩ = |10, . . . , 0⟩ without loss
of generality). The system undergoes a first-order QPT at a
critical value of the transverse field !c = 0.5 (from now on we
set h̄ = 1). The gap between the ground state and first excited
state closes polynomially with the size at the critical point:
"GSA ∼ N−1/2.

The LMG Hamiltonian instead is written as

H LMG = −
N"

i<j

Jijσ
x
i σ x

j − !(t)
N"

i

σ z
i , (2)

where N is the number of spins, σα
i ’s (α = x, y, z) are the

Pauli matrices on the ith site, and Jij = 1/N (infinite range
interaction). The system undergoes a second-order QPT from
a quantum paramagnet to a quantum ferromagnet at a critical
value of the transverse field |!c| = 1. The gap between the
ground state and first excited state closes polynomially with
the size at the critical point: "LMG ∼ N−1/3. We chose as the
initial state the ground state (GS) at !i ≫ 1, i.e., the state
in which all the spins are polarized along the positive z axis
(paramagnetic phase). As the target state we chose the GS at
! = 0.

Finally the LZ Hamiltonian that we use as a reference model
is

H LZ = !(t)σz + ωσx, (3)

where the off-diagonal terms give the amplitude of the
minimum gap "LZ = 2ω at the anticrossing point ! = 0, here
assumed to be at t = 0 [29,40]. In this case the initial state
is the GS for !(−T/2) = −!0 and the target is the GS for
!(T/2) = !0, that is—in this effective model—to transform
the initial GS into the initial excited state in the optimal and
fastest way. The systems analyzed are summarized in the left
side of Table I.

For all the models considered our goal is to find the optimal
driving control field !(t) to transform the initial state in the
goal state in a given total time T . At the limit when the
gap closes (the thermodynamical limit for GSA and LMG)
adiabatic dynamics is forbidden in finite time due to the
adiabatic condition T ≫ "−1 [36]: however, for finite-size
systems, an adiabatic strategy might be successful. Here we
relax the adiabaticity condition, exploring a different regime of
fast nonadiabatic transformations. Given the total evolution
time T , we use optimal control through the Krotov’s algorithm
to find the optimal control field !(t) to minimize the infidelity
I (T ) = 1 − |⟨ψG|ψ(T )⟩|2 at the end of the evolution, i.e.,
the discrepancy between the final and the goal state [6].
The determination of !opt(t) can be recast in a minimization
problem subject to constraints determined by looking for
the stationary points of a functional L[ψ, ψ̇,χ ,!] in which
the auxiliary states |χ (T )⟩ = |ψG⟩⟨ψG|ψ(T )⟩ play the role
of a continuous set of Lagrange multipliers to impose the
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LMG model for an optimized (green dashed line, total time T ∼
TQSL), a non optimized (red dot-dashed line, T ∼ TQSL) and a linear
adiabatic process (orange continuous line, T ≫ TQSL). Continuous
(blue) lines represents the lowest energy levels as a function of the
driving field ! = −t/T .

shows that the outcome of the dynamical process optimization
for the many-body systems analyzed is independent from the
specific model and analogous to that of a two-level system, as
sketched through the good rescaling of the data in Fig. 2. We
interpret this result as the natural manifestation of the intrinsic
metric of the Hilbert space for pure states [23,37], as discussed
in Sec. III A. Furthermore, studying the QSL as a function of
the system size, we show that the speedup obtained by the
adiabatic GSA [33,38] can be reproduced and extended to
other models with optimized, nonadiabatic evolutions. Finally,
we introduce the action s = T " as a parameter to characterize
the evolution of a quantum system and we find that the QSL
identifies a new dynamical regime, as discussed in Sec. III B
and summarized in Fig. 5.

II. MODELS AND OPTIMIZATION

We study two paradigmatic critical systems, the adiabatic
GSA [33] and the LMG model [39] and we compare them with
the Landau-Zener (LZ) model to better understand the physics
of the process.
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sional scaling variable T/T ∗ for the LMG model (red squares), the
Grover model (blue circles), and the LZ model (green triangles). Data
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The GSA Hamiltonian is given by

H GSA = [1 − !(t)](I − |ψi⟩⟨|ψi |)
+!(t)(I − |ψG⟩⟨|ψG|), (1)

where the initial state is an equal superposition of all N

basis states |i⟩, i.e., |ψi⟩ = (
!N

i |i⟩)/
√

N and the final target
is the specific marked state we want to extract from the
database (in our simulations |ψG⟩ = |10, . . . , 0⟩ without loss
of generality). The system undergoes a first-order QPT at a
critical value of the transverse field !c = 0.5 (from now on we
set h̄ = 1). The gap between the ground state and first excited
state closes polynomially with the size at the critical point:
"GSA ∼ N−1/2.

The LMG Hamiltonian instead is written as

H LMG = −
N"

i<j

Jijσ
x
i σ x

j − !(t)
N"

i

σ z
i , (2)

where N is the number of spins, σα
i ’s (α = x, y, z) are the

Pauli matrices on the ith site, and Jij = 1/N (infinite range
interaction). The system undergoes a second-order QPT from
a quantum paramagnet to a quantum ferromagnet at a critical
value of the transverse field |!c| = 1. The gap between the
ground state and first excited state closes polynomially with
the size at the critical point: "LMG ∼ N−1/3. We chose as the
initial state the ground state (GS) at !i ≫ 1, i.e., the state
in which all the spins are polarized along the positive z axis
(paramagnetic phase). As the target state we chose the GS at
! = 0.

Finally the LZ Hamiltonian that we use as a reference model
is

H LZ = !(t)σz + ωσx, (3)

where the off-diagonal terms give the amplitude of the
minimum gap "LZ = 2ω at the anticrossing point ! = 0, here
assumed to be at t = 0 [29,40]. In this case the initial state
is the GS for !(−T/2) = −!0 and the target is the GS for
!(T/2) = !0, that is—in this effective model—to transform
the initial GS into the initial excited state in the optimal and
fastest way. The systems analyzed are summarized in the left
side of Table I.

For all the models considered our goal is to find the optimal
driving control field !(t) to transform the initial state in the
goal state in a given total time T . At the limit when the
gap closes (the thermodynamical limit for GSA and LMG)
adiabatic dynamics is forbidden in finite time due to the
adiabatic condition T ≫ "−1 [36]: however, for finite-size
systems, an adiabatic strategy might be successful. Here we
relax the adiabaticity condition, exploring a different regime of
fast nonadiabatic transformations. Given the total evolution
time T , we use optimal control through the Krotov’s algorithm
to find the optimal control field !(t) to minimize the infidelity
I (T ) = 1 − |⟨ψG|ψ(T )⟩|2 at the end of the evolution, i.e.,
the discrepancy between the final and the goal state [6].
The determination of !opt(t) can be recast in a minimization
problem subject to constraints determined by looking for
the stationary points of a functional L[ψ, ψ̇,χ ,!] in which
the auxiliary states |χ (T )⟩ = |ψG⟩⟨ψG|ψ(T )⟩ play the role
of a continuous set of Lagrange multipliers to impose the
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Universal error scaling at the Quantum Speed Limit
2
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FIG. 2: (Color online) Infidelity I as a function of the adi-
mensional scaling variable T/T ∗ for the LMG (red squares),
Grover (blue circles) and the LZ model (green triangles).
Data correspond to half of the maximum size analyzed (N =
64).

adiabatic and an optimal evolution are compared. Quite
surprisingly our study shows that the the optimized dy-
namical process for the many-body systems analyzed is
analogous to that of a two-level system, see Fig. 2. We in-
terpret this result as the natural manifestation of the in-
trinsic metric of the Hilbert space for pure states [21, 26].
Finally studying the QSL as a function of the system
size, we show that the speed up obtained by the adia-
batic GSA [24, 27] can be reproduced and extended to
other models with optimized, non-adiabatic evolutions.

Models.— We study two paradigmatic critical systems,
the adiabatic GSA [24] and the LMG model [28] and we
compare them with the Landau-Zener (LZ) model to bet-
ter understand the physics of the process. The Hamilto-
nians of the models are collected in the left side of Table I,
where the σα

i ’s (α = x, y, z ) are the Pauli matrices on
the ith site, |ψi⟩ and |ψG⟩ are respectively the initial and
the target state. For the GSA model the initial state
is an equal superposition of all N computational basis
states, and the final target is the specific marked state
we want to extract from the database. The system under-
goes a 1st order QPT at a critical value of the transverse
field Γc = 0.5 (from now on we set J = ! = 1). The
gap between the ground and the first excited state closes
polynomially with the number of states N at the critical
point: ∆GSA ∼ N−1/2. The LMG model instead, second
line of Table I, undergoes a 2nd order QPT from a quan-
tum paramagnet to a quantum ferromagnet at a critical
value of the transverse field |Γc| = 1. The gap between
the ground and the first excited state closes polynomi-
ally with the number of spins N at the critical point:
∆LMG ∼ N−1/3. We chose as initial state the ground
state (GS) at Γi ≫ 1, i.e. the state in which all the
spins are polarized along the positive z-axis (paramag-
netic phase). As target state we chose the GS of at Γ = 0.
Finally for the LZ model, third line of Table I, the off-
diagonal terms give the amplitude of the minimum gap

100
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N2/3

N1/2

N

π
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FIG. 3: (Color online) The action s∗ = T ∗∆ as a function
of the size N (for the LZ model we define an effective size
N = ∆−1), where ∆ is the minimum spectral gap and T ∗ the
time required to reach an infidelity I∗ ∼ 10−3 for the linear
(full symbols) and optimized (empty symbols) driving field
for the LMG (red squares), Grover (blue circles) and the LZ
model (green triangles).

∆LZ = 2ω at the anticrossing point Γ = 0, here assumed
to be at t = 0 [29, 30]. In this case the initial state is
the GS for Γ(−T/2) = −Γ0 and the target is the GS for
Γ(T/2) = Γ0, that is —in this effective model— we want
to transform the initial GS into the initial excited state
in an optimal and fastest way.

For all the models considered our goal is to find the
optimal driving control field Γ(t) to transform the ini-
tial in the goal state in a given total time T . At the
limit when the gap closes (the thermodynamical limit for
GSA and LMG) adiabatic dynamics is forbidden in finite
time due to the adiabatic condition T ≫ ∆−1 [31]: how-
ever, for finite size systems, an adiabatic strategy might
be successful. Here we relax the adiabaticity condition,
exploring a different regime of fast non adiabatic trans-
formations. Given the total evolution time T , we use
optimal control through the Krotov’s algorithm to find
the optimal control field Γ(t) to minimize the infidelity
I(T ) = 1− |⟨ψG|ψ(T )⟩|2 at the end of the evolution, i.e.
the discrepancy between the final and the goal state [5].
The determination of Γopt(t) can be recast in a minimiza-
tion problem subject to constraints determined by look-
ing for the stationary points of a functional L[ψ, ψ̇,χ,Γ]
in which the auxiliary states |χ(T )⟩ = |ψG⟩⟨ψG|ψ(T )⟩
play the role of a continuous set of Lagrange multipliers
to impose the fulfillment of the Schrödinger equation at
each time during the dynamics, as described in details
in [5, 8, 11]. Previous studies [12] revealed that only
when the total evolution time exceeds a certain thresh-
old, by iterating the algorithm it is possible to reduce
arbitrarily the value of the final infidelity I. In order to
identify such a threshold, we fix a target value of the in-
fidelity I∗ ∼ 10−3 and we determined the minimum total
evolution time T ∗ for which it is possible to satisfy our
goal. In Fig. 2 we show the value of the infidelity for

T. Caneva, TC, R. Fazio, G. E. Santoro, and S. Montangero, Phys. Rev. A 84, 012312 (2011) 



Pushing the limits

in size: the CRAB algorithm
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Initial guess: c0(t)

Trial pulse: c(t) = c0(t)g(t)

Correction
: 

g(t) =
n�

k=1

akf̃k(t) f̃k(t) “randomized” basis  
functions

Examples: fk(t) = sin(�kt), x�
k , Hk(x), ...

Optimize only n=O(10) parameters

Controlling many-body systems: 
CRAB (Chopped RAndom Basis)

Doria, Calarco, Montangero, PRL 2011
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• No need for gradient (Nelder-Mead, simplex, etc.)  
• No need for (semi-)analytical solutions 
• Figures of merit: energy, fidelity, purity, entanglement. 
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Applying CRAB to experiments

in NV centers: open- and closed-loop



Guess Update

★ Diamond NV Centers

Zeeman Splitting Single controlZero Field

CRAB control of NV centers
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Open-loop CRAB control of NV centers

Fidelity = 99.3%
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Scheuer et al. (F. Jelezko group), NJP 2014



Closed-loop CRAB control of NV centers

• Simple pi-rotation in RWA regime 

• Random guess, fidelity to 99% in 25 FE ~50 mins

10 MHz Rabi (On-resonance)
~ 150 ns pulse time
Random guess pulse

Reoptimization with 5 
MHz detuning



Applying CRAB to experiments

in atomic many-body systems
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FIG. 1: CRAB scheme: A) An inital guess pulse c0(t) is used
as starting point. B) The function F(ω⃗) for the case ω⃗ =
{ω1, ω2} and the initial polytope (ligh red triangle) are defined
and moved “downhill” (darker triangles) until convergence is
reached. C) The final point is recasted as the optimal pulse
c(t) and applied to the physical system.

integrated with t-DMRG, and thus can in principle be
applied to all systems that can be efficiently simulated
by tensor network methods. Triggered by the observa-
tion that optimal control optmizations result in pulses
with very simple Fourier spectrum [22] we develop an
optimal search in a truncated dual space, the Chopped
RAndom Basis (CRAB) optimization, that can be effi-
ciently applied to t-DMRG simulations. The scenario we
are thinking of is as follows: given a system of interested
described by an Hamiltonian H with some controls cj(t)
with j = 1, . . . , NC , the goal is to extremize a given fig-
ure of merit F [H(cj(t))], e.g. the final system energy,
state fidelity, entanglement, etc. The main idea is then
to start with an initial pulse guess c0

j(t) and then looking
for the best correction of the form

cj(t) = c0
j(t) · fj(t), (1)

where fj(t) can be expressed in a simple form in some
function basis, as for example, Fourier space, and de-
pends on some parameters ω⃗j = ωk

j (k = 1, . . . , Mj), see
Methods for details. The optimization problem is then
recasted in a extremization of a multivariables function
F(ωk

j ) that can be numerically approached with the pre-
ferred method, as for example, stepeest descent or conju-
gate gradient method [25]. While using CRAB together
with t-DMRG, computing the gradient of F is extremely
resource consuming and thus we resort to a Direct search
method as Nelder-Mead or simplex methods [25]. They
are based on the construction of a polytope defined by
some initial set of points in the space of parameters ω⃗j

that “rolls down the hill” following defined rules up to
reach the (possible local) minima (see Fig. 1 and Meth-
ods). Due to the fact that the Direct Search methods
are based on many independent evaluation of the func-
tion to be minimized, they can be efficiently implemented
together with t-DMRG simulations.

In this letter, the CRAB optimization is applied to
the preparation of a Mott insulator in cold atoms exper-
iments in optical lattice [11]. Indeed, very recently this











 






 

FIG. 2: Scheme of the Mott-Superfluid transition in the ho-
mogeneous system for average occupation number ⟨n⟩ = 1:
increasing the lattice (black line) depth V , the atoms Super-
fluid wave functions (upper) localize in the wells (lower). If
the transition is not adiabatic or optimized defects appear
(here represented by a hole and a double occupied site).

field have experienced a fast development after the exper-
imental demonstration of coherent control of the atoms
subject to a parameter quench in the seminal work of
M.Greiner and coworkers [12]. In these experimental se-
tups a Bose-Einstein condensate is first loaded in a mag-
netic trap and then the optical lattice is slowly switched
on inducing a quantum phase transition to a Mott insu-
lator. This is the fundamental initial step to prepare a
one dimensional system for further investigations as for
recent experiments on transport or spectroscopy [11]. Up
to now, the described Superfluid-Mott insulator transi-
tion has been performed adiabatically in about one hun-
dred ms: we present an optimal pulse to obtain a faithful
ground state with density of defects below one per cent
(???) in a total time of the order of some milliseconds.
This new optimal process allows for a drastic reduction
(about two orders of magnitude) of the time needed to
initialize cold atoms in optical lattice in a desired initial
state, a fundamental step in any quantum information
processing and cold atoms in optical lattice experiments.

Cold atoms in opticall lattice can be mapped in the
Bose Hubbard model defined by the Hamiltonian [11, 14]:

H=
!

j

[−J(b†jbj+1+h.c.)+Ω(j−
N

2
)2nj+

U

2
(n2

j−nj)]. (2)

The first term on the r.h.s. of Eq.(2) describes the tunnel-
ing of bosons between neighboring sites with rate J , Ω is
the curvature of the trapping potential, and nj = b†jbj is
the density operator with bosonic creation (annihilation)
operators b†j (bj) at site j = −N/2, . . . , N/2−1. The last
term is the onsite contact interaction with energy U . The
system parameters U and J can be expressed as a func-
tion of the optical lattice depth V [11]. As sketched in

Bose Hubbard 
model

Hopping 
Onsite energy 
Trapping

J
U
�

M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch and I. Bloch, Nature 415, 39 (2002).

J/U << 0.1

Antiadiabatic phase transition with cold atoms
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FIG. 1: CRAB scheme: A) An inital guess pulse c0(t) is used
as starting point. B) The function F(ω⃗) for the case ω⃗ =
{ω1, ω2} and the initial polytope (ligh red triangle) are defined
and moved “downhill” (darker triangles) until convergence is
reached. C) The final point is recasted as the optimal pulse
c(t) and applied to the physical system.

integrated with t-DMRG, and thus can in principle be
applied to all systems that can be efficiently simulated
by tensor network methods. Triggered by the observa-
tion that optimal control optmizations result in pulses
with very simple Fourier spectrum [22] we develop an
optimal search in a truncated dual space, the Chopped
RAndom Basis (CRAB) optimization, that can be effi-
ciently applied to t-DMRG simulations. The scenario we
are thinking of is as follows: given a system of interested
described by an Hamiltonian H with some controls cj(t)
with j = 1, . . . , NC , the goal is to extremize a given fig-
ure of merit F [H(cj(t))], e.g. the final system energy,
state fidelity, entanglement, etc. The main idea is then
to start with an initial pulse guess c0

j(t) and then looking
for the best correction of the form

cj(t) = c0
j(t) · fj(t), (1)

where fj(t) can be expressed in a simple form in some
function basis, as for example, Fourier space, and de-
pends on some parameters ω⃗j = ωk

j (k = 1, . . . , Mj), see
Methods for details. The optimization problem is then
recasted in a extremization of a multivariables function
F(ωk

j ) that can be numerically approached with the pre-
ferred method, as for example, stepeest descent or conju-
gate gradient method [25]. While using CRAB together
with t-DMRG, computing the gradient of F is extremely
resource consuming and thus we resort to a Direct search
method as Nelder-Mead or simplex methods [25]. They
are based on the construction of a polytope defined by
some initial set of points in the space of parameters ω⃗j

that “rolls down the hill” following defined rules up to
reach the (possible local) minima (see Fig. 1 and Meth-
ods). Due to the fact that the Direct Search methods
are based on many independent evaluation of the func-
tion to be minimized, they can be efficiently implemented
together with t-DMRG simulations.

In this letter, the CRAB optimization is applied to
the preparation of a Mott insulator in cold atoms exper-
iments in optical lattice [11]. Indeed, very recently this











 






 

FIG. 2: Scheme of the Mott-Superfluid transition in the ho-
mogeneous system for average occupation number ⟨n⟩ = 1:
increasing the lattice (black line) depth V , the atoms Super-
fluid wave functions (upper) localize in the wells (lower). If
the transition is not adiabatic or optimized defects appear
(here represented by a hole and a double occupied site).

field have experienced a fast development after the exper-
imental demonstration of coherent control of the atoms
subject to a parameter quench in the seminal work of
M.Greiner and coworkers [12]. In these experimental se-
tups a Bose-Einstein condensate is first loaded in a mag-
netic trap and then the optical lattice is slowly switched
on inducing a quantum phase transition to a Mott insu-
lator. This is the fundamental initial step to prepare a
one dimensional system for further investigations as for
recent experiments on transport or spectroscopy [11]. Up
to now, the described Superfluid-Mott insulator transi-
tion has been performed adiabatically in about one hun-
dred ms: we present an optimal pulse to obtain a faithful
ground state with density of defects below one per cent
(???) in a total time of the order of some milliseconds.
This new optimal process allows for a drastic reduction
(about two orders of magnitude) of the time needed to
initialize cold atoms in optical lattice in a desired initial
state, a fundamental step in any quantum information
processing and cold atoms in optical lattice experiments.

Cold atoms in opticall lattice can be mapped in the
Bose Hubbard model defined by the Hamiltonian [11, 14]:

H=
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[−J(b†jbj+1+h.c.)+Ω(j−
N
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)2nj+

U
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(n2

j−nj)]. (2)

The first term on the r.h.s. of Eq.(2) describes the tunnel-
ing of bosons between neighboring sites with rate J , Ω is
the curvature of the trapping potential, and nj = b†jbj is
the density operator with bosonic creation (annihilation)
operators b†j (bj) at site j = −N/2, . . . , N/2−1. The last
term is the onsite contact interaction with energy U . The
system parameters U and J can be expressed as a func-
tion of the optical lattice depth V [11]. As sketched in

J/U >> 0.1



Experimental results

• Experiment by I. Bloch, MPQ Garching
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Quantum phase transition at the Speed Limit
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Atom chip experiments at Quantum Speed Limit 

S. Van Frank et al. (Schmiedmayer group), Nature Communications 2014
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700 atoms

Effect of nonlinearity in the pulse shape
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Experimental Ramsey interferometer with a BEC
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Detailed analysis of the ‘carpets’ = the 
interference patterns recorded after 
time of flight allow to extract the 
populations in the ground, first and 
higher excited states. 
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Figure 3. Dynamics of the excitation and interference
patterns observed during and after the first ⇡/2 pulse.
(a) Optimized trap displacement �(t) along the y-direction
(red) and simulation of the in-situ density after the pulse.
(b) Simulated momentum distribution during and after the
pulse. (c) Measured momentum distribution. The images in
time-of-flight were integrated along the longitudinal direction
and concatenated to show the time evolution. (d)Momentum
distribution obtained from a fit to the measured momentum
distribution.
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Justify addition of p2

We derive the momentum distribution and compare
its evolution to the experimental densities after time-of-
flight. A fitting procedure (see methods/S.I) enables us
to find which states superposition is most likely to have
originated the observed beating patterns, i.e. to find the
eigenstate populations p

0

and p
1

.
We use this technique to estimate the fidelity of the

first ⇡/2-pulse, then to evaluate the output of the inter-
ferometer. On the first pulse, a fit to the experimental
interference pattern using the previously described proce-
dure shows that we create a balanced superposition with
a 89% fidelity (see SI for detail).
The same fit is applied to the pictures after interfero-

metric sequence. The comparison between optimization
and experimental results is shown in Fig. 4. The experi-
mental results are in good agreement with the simulation
on the first interferometric fringe, presenting the same
general evolution. The constrast reaches 91.85%. The

remaining non-fitted part , a mixture of higher excited
states and/or a decohered part, is estimated to 15%-25%
depending on t

hold

.
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Figure 4. Interference fringe of the motional states
interferometer. (a) Experimental data. Populations of
the ground state p

0

(blue) and first excited state p
1

(red)
extracted by fit from the experimental density images, as a
function of the phase accumulation time t

hold

. The error bars
indicate the 1� confidence interval of the fit. The dashed lines
are a damped sine and serve as a guide for the eye. (b) OCT
optimization data. (c) Populations in higher excited states
in the optimization (solid line) compared to residual part in
the fits to experimental data.

It is interesting to note that the holding times cho-
sen for the experiment di↵er from the ones used for the
second pulse optimization. This experimentally proves
that, although the pulse was optimized for 15 specific
values of the relative phase, it is valid for other points
on the equator of the Bloch sphere. This was confirmed
by simulations with many other states, which is a strong
indicator of the unitarity of the pulse.
By looking at further times, we observe that the con-

trast drops on a timescale of a few oscillations. The
superposition created is not an equilibrium states, one
therefore expect a loss of contrast due to decoherence or
dephasing mechanisms due to many-body e↵ects. The
exact processes behind this decay will be investigated in
future work.
Our work shows that it is possible to have coherent

control of atomic motional Fock states of atoms in a
trap. The coherent control of a many-body wavefunction,

S. Van Frank et al. (Schmiedmayer group), Nature Communications 2014



Understanding complexity

in terms of control bandwidth



4. Complexity

Scaling of the number of parameters with the system size: B(N)
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A simple explanation - Columbus’s egg

H = C⌦N

C⌦Dm

The whole Hilbert space of N qubits

Dynamically relevant subspace of dimensionDm
Our goal state, within accuracy "



A simple explanation
Dynamically relevant subspace of dimensionDm
Our goal state, within accuracy "

b" = log2(1/"
Dm

) < bs = T ·�⌦ · ks = (nf � 1)ks
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nf ⇠ Dm(N)

Bits needed to specify 
the goal state

Bits needed to specify 
the control pulse

Duration Bandwidth Bit depth

Solve for the accuracy:

For fixed accuracy:

The control bandwidth scales like the complexity of the dynamics



Complexity and integrability

Does the complexity of the control task (control bandwidth) 
have to do with integrability?
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FIG. 2: Diagonal entropy S
d

for the Ising model (black line)
and for the LMG model (red line) as a function of time during
the disordering procedure (left side of the figure, logarithmic
scale for the time) and during the optimization (right side of
the figure, linear scale for the time) with N = 20, T

max

=
100/�, where � is the critical gap. Time is in units of J.

These results bring together in a new perspective, op-
timal control, complexity theory and thermodynamics,
paving the way to further developments and investiga-
tions. In particular, an interesting aspect related to our
study is the reversibility of a closed many-body quan-
tum systems dynamics which might have intriguing con-
sequences on a fundamental problem in physics that is,
the emergence of the arrow of time. Indeed, one can re-
vert the dynamics by inverting the time propagator, as it
is typically done in spin-echo experiments [20]. This pro-
cedure is a highly non trivial task in a general many-body
system and requires an enormous accuracy in the knowl-
edge of the history of the dynamical process and control
of the system: the minimum deviation from the exact
path inversion has dramatic consequences [18]. In prac-
tice very few systems are amenable to such operations,
since quantum systems are typically only partially tun-
able. The results presented here suggest that the intrin-
sic complexity of inverting the arrow of time rests on the
tensor-product structure of many-body quantum system
Hamiltonians, that is on the fact that in a non-integrable
system the amount of information (or band-width) to be
encoded in the optimal controlling field scales exponen-
tially with the number of constituents.

Optimal reversed dynamics– In the following we will
focus on the following dynamical scheme (see Fig. 1): i)
we first initialize the system in an eigenstate (S

d

= 0, sta-
tionarity); ii) then apply of a disordering quench process,
generating high diagonal entropy S

d

(out of equilibrium
states); iii) and finally steering the system back into the
initial state (S

d

= 0) either using an optimized protocol
or time-reversal. For our numerical computations we con-
sider systems described by the following N -spin quantum

spin Hamiltonian:

H = �
X

i,j

J
ij

�x

i

�x

j

� �(t)
NX

i

�z

i

� J
x

NX

i

�x

i

, (1)

For vanishing longitudinal field (J
x

= 0), this Hamilto-
nian has two obvious integrable limits, the quantum Ising
chain in transverse field, where J

ij

= J�
i,i+1, and the

infinite-range quantum Ising model (or Lipkin-Meshkov-
Glick (LMG) model [22]) when J

ij

= J/N for i < j
(J

ij

= 0 otherwise). In the presence of a longitudinal
field (J

x

6= 0), the quantum Ising chain loses its inte-
grability [23], unless at the critical point (in the scaling
limit) [24]. From now on we set ~ = 1 and time in units
of J .

Due to the various integrals of motion, the dynamics
of the LMG model is e↵ectively described in the sub-
space generated by the Dicke states |S,S

z

i, where S
is the conserved total angular momentum and �S 
S
z

 S are the allowed possible projections along the
z-axis [25]. The ground state of the Hamiltonian be-
longs to the subspace with S = N/2 and in the fol-
lowing we are working within this subspace. We stress
that in such subspace there are ⇠ N/2 Dicke states dy-
namically accessible (corresponding to the allowed values
of S

z

with the correct parity) and therefore the maxi-
mal diagonal entropy scales logarithmically with the size,
SLMG

d

⇠ log(N/2 + 1).
The Ising chain in transverse field for J

x

= 0 can in turn
be solved exactly through the Jordan-Wigner transfor-
mation mapping the spins onto free fermions [26]. For
the Ising chain the maximal diagonal entropy scales lin-
early with the size SI

d

⇠ (N/2) log(2); indeed the dimen-
sion of the Hilbert space is 2N/2 due to the conservation
of the parity of the number of fermions obtained with the
Jordan-Wigner transformation.
For both models, we prepare the system in the ground
state | (0)i = |GSi at large value of the driving field �
– a fully polarized spin state along the positive z-axis.
We then drive the system out of equilibrium perform-
ing a repeated quench between two values �1 and �2 of
the control field �; each quench lasts a random wait-
ing time T

max

· r
i

, where T
max

is the maximum allowed
waiting time and r

i

2 [0, 1] is a uniformly distributed
random number [18]. We verified that after a su�ciently
large number of cycles the average S

d

produced with the
disordering procedure is approximately independent of
the amplitude |�1 ��2| and of the waiting time between
two consecutive quenches. Finally we use optimal con-
trol to drive the system from the out of equilibrium state
back to the initial state | (0)i, in a given time T to ob-
tain the final state | (T )i. The optimization is imple-
mented through the Chopped RAndom Basis (CRAB)
technique [15]: after making a guess for a possible re-
turn path �0(t), we introduce a correction of the form
�(t) = �0(t)f(t), where the function f(t) is expressed as

4

state-to-state transformations: from a maximal entropy
state to the ground state (|M

S

i ! |GSi) and from an
eigenstate at the center of the spectrum to the ground
state (|Ci ! |GSi), for both the Ising model and LMG
model. In Fig. 4 we show the final infidelity for di↵erent
system sizes as a function of the number of frequencies
n
f

, at fixed total time T . In all cases considered, the
infidelity decays exponentially with the rescaled num-
ber of frequencies n

F

/B(N) = n
f

/N↵, showing a very
similar behavior for both states in both models: indeed
we have I ⇠ g(n

f

/N↵), g(x) being a scaling function of
the form exp(�x⌘), with 5 > ⌘ > 2 and 1 < ↵ < 1.5.
The first interesting feature emerging from our analy-
sis is that within each model the two transformations
|M

S

i ! |GSi and |Ci ! |GSi approximately present
the same complexity: ↵ is only slightly larger for the
|M

S

i ! |GSi conversion. This result can be explained
by the fact that the states |Ci and |GSi are not triv-
ially connected through the Hamiltonian, although they
are both localized with respect to H[�] for � � 1. In
practice also in this case the transformation is performed
by first spreading the state onto the whole Hilbert space
and then recombining the di↵erent amplitudes into the
desired state. Such an operation requires approximately
the same complexity as the state-to-state conversion be-
tween the maximally spread state and the ground state,
|M

S

i ! |GSi. The second feature is instead emerging
from the comparison between the two di↵erent models:
the complexity scales approximately linearly with the size
for both the LMG and the Ising model.

Conjecture– The previous arguments suggest that the
number of frequencies n

f

required in the optimal control
field to achieve full control is not strongly dependent on
the initial and final states but rather of the dimension of
the manifold supporting the dynamics, namely D

m

(N).
Here we conjecture that the number of independent basis
functions n

f

needed to achieve a given level of fidelity, i.e.
the complexity of the control problem, is n

f

' D
m

(N)
up subleading corrections. Since in both models con-
sidered above the dynamics is supported by a manifold
that scales linearly with the number of spins N , in or-
der to further support and verify our conjecture we will
consider in addition a non integrable system, namely the
Ising model in presence of a longitudinal field J
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6= 0
in Eq. 1. In this case, we expect that the optimization
complexity should increase drastically since the e↵ective
manifold supporting the dynamics has dimension D

m

(N)
scaling now exponentially with N . We performed simu-
lations for both cases, J

x

= 0 (integrable system) and
J
x

6= 0 (non integrable system), analyzing the behaviour
of the infidelity as a function of the number of frequencies
for systems of di↵erent sizes. As before, in both cases the
infidelity decays exponentially as a function of the num-
ber of frequencies, I ⇠ g(�n
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/B(N)) (data not shown).
In Fig. 5 we show the fitted decay rate B(N) values as a
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(empty triangles). Despite the fact that due to the ex-
ponentially growing Hilbert space we are now restricted
to small sizes 2 < N < 8, as clearly shown by the fits,
the rate B(N) for the integrable model (J

x

= 0) scales
linearly with the size, while the non integrable model
(J

x

6= 0) it scales as an exponential with N , that is
B(N) / D

m

(N). This implies that to keep a constant
infidelity g(�n

f

/B(N)) = const while increasing the sys-
tem size N , we need to scale the number of frequencies
as n

f

' B(N) ' D
m

(N) in perfect agreement with the
prediction of our conjecture. Interestingly, in the case
J
x

= 0, optimal control complexity scales approxima-
tively linearly even though those results have been ob-
tained simulating the Ising model in the full exponential
Hilbert space without using the Wigner-Jordan transfor-
mation. Thus, optimal control complexity appears to be
not influenced by the simulation details and thus CRAB
control might be very e↵ective in any integrable system,
even in cases where the exact solution is unknown.
Conclusions– In this work we demonstrated for the

first time the possibility of employing optimal control to
reverse the dynamics of many-body quantum systems,
e↵ectively reducing the quantum entropy generated with
strongly disordering processes. We showed that it might
be possible to optimal reverse the system dynamics even
in cases in which an exact reverse evolution cannot be re-
alized (i.e. partially tunable Hamiltonians). Furthermore
we demonstrated that optimized reverse dynamics are ex-
tremely robust against external sources of noise. Finally,
we proposed a conjecture establishing a relationship be-
tween optimization complexity and e↵ective dynamical
dimension of quantum many-body systems. We verified
our conjecture in three di↵erent systems, demonstrating
that optimal control can work e↵ectively in exponentially
large Hilbert spaces as long as the systems under consid-
eration are exactly solvable (integrable). Our results are
relevant both for experiments, providing an alternative
and more convenient implementation of reverse dynam-
ics, and establish a connection among entropy, optimal
control and integrability. We plan to extend these anal-
ysis to open system dynamics.
We acknowledge support from EU through AQUTE,

from the German Research Foundation (SFB/TRR21),

4

state-to-state transformations: from a maximal entropy
state to the ground state (|M

S

i ! |GSi) and from an
eigenstate at the center of the spectrum to the ground
state (|Ci ! |GSi), for both the Ising model and LMG
model. In Fig. 4 we show the final infidelity for di↵erent
system sizes as a function of the number of frequencies
n
f

, at fixed total time T . In all cases considered, the
infidelity decays exponentially with the rescaled num-
ber of frequencies n

F

/B(N) = n
f

/N↵, showing a very
similar behavior for both states in both models: indeed
we have I ⇠ g(n

f

/N↵), g(x) being a scaling function of
the form exp(�x⌘), with 5 > ⌘ > 2 and 1 < ↵ < 1.5.
The first interesting feature emerging from our analy-
sis is that within each model the two transformations
|M

S

i ! |GSi and |Ci ! |GSi approximately present
the same complexity: ↵ is only slightly larger for the
|M

S

i ! |GSi conversion. This result can be explained
by the fact that the states |Ci and |GSi are not triv-
ially connected through the Hamiltonian, although they
are both localized with respect to H[�] for � � 1. In
practice also in this case the transformation is performed
by first spreading the state onto the whole Hilbert space
and then recombining the di↵erent amplitudes into the
desired state. Such an operation requires approximately
the same complexity as the state-to-state conversion be-
tween the maximally spread state and the ground state,
|M

S

i ! |GSi. The second feature is instead emerging
from the comparison between the two di↵erent models:
the complexity scales approximately linearly with the size
for both the LMG and the Ising model.

Conjecture– The previous arguments suggest that the
number of frequencies n

f

required in the optimal control
field to achieve full control is not strongly dependent on
the initial and final states but rather of the dimension of
the manifold supporting the dynamics, namely D

m

(N).
Here we conjecture that the number of independent basis
functions n

f

needed to achieve a given level of fidelity, i.e.
the complexity of the control problem, is n

f

' D
m

(N)
up subleading corrections. Since in both models con-
sidered above the dynamics is supported by a manifold
that scales linearly with the number of spins N , in or-
der to further support and verify our conjecture we will
consider in addition a non integrable system, namely the
Ising model in presence of a longitudinal field J

x

6= 0
in Eq. 1. In this case, we expect that the optimization
complexity should increase drastically since the e↵ective
manifold supporting the dynamics has dimension D

m

(N)
scaling now exponentially with N . We performed simu-
lations for both cases, J

x

= 0 (integrable system) and
J
x

6= 0 (non integrable system), analyzing the behaviour
of the infidelity as a function of the number of frequencies
for systems of di↵erent sizes. As before, in both cases the
infidelity decays exponentially as a function of the num-
ber of frequencies, I ⇠ g(�n

f

/B(N)) (data not shown).
In Fig. 5 we show the fitted decay rate B(N) values as a
function of the size N for J

x

6= 0 (full circles) and J
x

= 0

2 4 6 8
N

0

50

100

150

B

FIG. 5: Decay rate B as a function of the size N for the Ising
model with J

x

6= 0 (black circles) and J
x

= 0 (red triangles).

(empty triangles). Despite the fact that due to the ex-
ponentially growing Hilbert space we are now restricted
to small sizes 2 < N < 8, as clearly shown by the fits,
the rate B(N) for the integrable model (J

x

= 0) scales
linearly with the size, while the non integrable model
(J

x

6= 0) it scales as an exponential with N , that is
B(N) / D

m

(N). This implies that to keep a constant
infidelity g(�n

f

/B(N)) = const while increasing the sys-
tem size N , we need to scale the number of frequencies
as n

f

' B(N) ' D
m

(N) in perfect agreement with the
prediction of our conjecture. Interestingly, in the case
J
x

= 0, optimal control complexity scales approxima-
tively linearly even though those results have been ob-
tained simulating the Ising model in the full exponential
Hilbert space without using the Wigner-Jordan transfor-
mation. Thus, optimal control complexity appears to be
not influenced by the simulation details and thus CRAB
control might be very e↵ective in any integrable system,
even in cases where the exact solution is unknown.
Conclusions– In this work we demonstrated for the

first time the possibility of employing optimal control to
reverse the dynamics of many-body quantum systems,
e↵ectively reducing the quantum entropy generated with
strongly disordering processes. We showed that it might
be possible to optimal reverse the system dynamics even
in cases in which an exact reverse evolution cannot be re-
alized (i.e. partially tunable Hamiltonians). Furthermore
we demonstrated that optimized reverse dynamics are ex-
tremely robust against external sources of noise. Finally,
we proposed a conjecture establishing a relationship be-
tween optimization complexity and e↵ective dynamical
dimension of quantum many-body systems. We verified
our conjecture in three di↵erent systems, demonstrating
that optimal control can work e↵ectively in exponentially
large Hilbert spaces as long as the systems under consid-
eration are exactly solvable (integrable). Our results are
relevant both for experiments, providing an alternative
and more convenient implementation of reverse dynam-
ics, and establish a connection among entropy, optimal
control and integrability. We plan to extend these anal-
ysis to open system dynamics.
We acknowledge support from EU through AQUTE,

from the German Research Foundation (SFB/TRR21),

Jx �= 0

Jx = 0

T. Caneva, A. Silva, R. Fazio, S. Lloyd, T. Calarco, S. Montangero, PRA 2014



Summary

• Optimal control of quantum systems  
- possible with the CRAB method 
- from simple (few-body) to complex (many-body) systems 

• Theoretical predictions experimentally confirmed  
- both in open- and in closed-loop scenarios  
- reaching the Quantum Speed Limit 

• Control complexity 
- characterized by the degrees of freedom of the driving field 
- linked to Hilbert space dimension, depends on integrability
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