
Luiz Davidovich

Instituto de Física - Universidade Federal do Rio de Janeiro
Based on work with Bruno M. Escher, Gabriel Bié Alves, Nicim Zagury, and 
Ruynet L. de Matos Filho


Towards the ultimate precision limit in 
parameter estimation: Application to weak-value 

amplification and quantum speed limit



Parameter estimation

Laser Interferometer 
Gravitational Wave Observatory

Depth of an oil well Time duration of a process

Weak forces or small 
displacements

Phase displacements in 
interferometers

Enhanced sensitivity of the LIGO gravitational
wave detector by using squeezed states of light
The LIGO Scientific Collaboration*

Nearly a century after Einstein first predicted the existence of
gravitational waves, a global network of Earth-based gravita-
tional wave observatories1–4 is seeking to directly detect this
faint radiation using precision laser interferometry. Photon
shot noise, due to the quantum nature of light, imposes a
fundamental limit on the attometre-level sensitivity of the
kilometre-scale Michelson interferometers deployed for this
task. Here, we inject squeezed states to improve the perform-
ance of one of the detectors of the Laser Interferometer
Gravitational-Wave Observatory (LIGO) beyond the quantum
noise limit, most notably in the frequency region down to
150 Hz, critically important for several astrophysical sources,
with no deterioration of performance observed at any
frequency. With the injection of squeezed states, this LIGO
detector demonstrated the best broadband sensitivity to
gravitational waves ever achieved, with important implic-
ations for observing the gravitational-wave Universe with
unprecedented sensitivity.

A fundamental limit to the sensitivity of a Michelson interferom-
eter with quasi-free mirrors comes from the quantum nature of
light, which reveals itself through two fundamental mechanisms:
photon counting noise (shot noise), arising from statistical fluctu-
ations in the arrival time of photons at the interferometer output,
and radiation pressure noise, which is the recoil of the mirrors
due to the radiation pressure arising from quantum fluctuations
in the photon flux. Both sources can be attributed to the quantum
fluctuations of the electromagnetic vacuum field, or vacuum fluctu-
ations, that enter the interferometer5,6.

An electromagnetic field can be described by two non-commut-
ing conjugate operators that are associated with field amplitudes that
oscillate out of phase with each other by 908, labelled as ‘in-phase’
and ‘quadrature phase’7. A coherent state of light (or vacuum, if
the coherent amplitude is zero) has equal uncertainty in both quad-
ratures, with the uncertainty product limited by the Heisenberg
uncertainty principle. For a squeezed state, the uncertainty in one
quadrature is decreased relative to that of the coherent state
(green box in Fig. 1). Note that the uncertainty in the orthogonal
quadrature is correspondingly increased, always satisfying the
Heisenberg inequality.

The vacuum fluctuations that limit the sensitivity of an interfero-
metric gravitational-wave detector enter through the antisymmetric
port of the interferometer, mix with the signal field produced at the
beamsplitter by a passing gravitational wave, and exit the antisym-
metric port to create noise on the output photodetector. Caves5,6

showed that replacing coherent vacuum fluctuations entering the
antisymmetric port with correctly phased squeezed vacuum states
decreases the ‘in-phase’ quadrature uncertainty, and thus the shot
noise, below the quantum limit. Soon after, the first experiments
showing squeezed light production through nonlinear optical
media achieved modest but important reductions in noise at high
frequencies8,9. However, squeezing in the audiofrequency region

relevant for gravitational-wave detection and control schemes for
locking the squeezed phase to that needed by the interferometer
were not demonstrated until the last decade10–12. Since then,
squeezed vacuum has been used to enhance the sensitivity of a pro-
totype interferometer13. The 600-m-long GEO600 detector14 has
deployed squeezing since 2010, achieving improved sensitivity at
700 Hz and above.

An important motivation for the experiment we present here
was to extend the frequency range down to 150 Hz while testing
squeezing at a noise level close to that required for Advanced
LIGO15. This lower frequency region is critically important for
the most promising astrophysical sources, such as coalescences
of black hole and neutron star binary systems, but also poses a
significant experimental challenge. Seismic motion is huge com-
pared to the desired sensitivity, albeit at very low frequencies of
less than !1 Hz, and LIGO employs a very high-performance
isolation system to attenuate the seismic motion by several
orders of magnitude. This uncovers a set of nonlinear couplings
that upconvert low-frequency noise into the gravitational wave
band. In the past, these processes have made it difficult for
gravitational-wave detectors to reach a shot-noise-limited
sensitivity in their most sensitive band near 150 Hz. Any
interactions between the interferometer and the outside world
have to be kept at an absolute minimum. For instance, randomly
scattered light reflecting back into the interferometer has to be
managed at the level of 1 × 10218 W. Past experience has shown
that measured sensitivities at higher frequencies are difficult to
extrapolate to lower frequencies2. For the first time, we employ
squeezing to obtain a sensitivity improvement at a gravitational-
wave observatory in the critical frequency band between 150 Hz
and 300 Hz. Similarly important, we observe that no additional
noise above background was added by our squeezed vacuum
source, firmly establishing this quantum technology as an
indispensable technique in the future of gravitational-
wave astronomy.

The experiment was carried out towards the end of 2011 on the
LIGO detector at Hanford, Washington, known as ‘H1’. The
optical layout of the detector is shown in Fig. 1. The interferometer
light source (‘H1 laser’) is a Nd:YAG laser (1,064 nm) stabilized
in frequency and intensity. A beamsplitter splits the light into
the two arms of the Michelson, and Fabry–Perot cavities
increase the phase sensitivity by bouncing the light !130 times
in each arm. The Michelson is operated on a dark fringe, so
most of the light is reflected from the interferometer back to the
laser. A partially transmitting mirror between the laser and
the beamsplitter forms the power-recycling cavity, which
increases the power incident on the beamsplitter by a factor of
40. To isolate them from terrestrial forces such as seismic
noise, the power recycling mirror, the beamsplitter and the arm
cavity mirrors are all suspended as pendula on vibration-
isolated platforms.

*A full list of authors and their affiliations appears at the end of the paper.
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tion from this motion leads to a fractional fre-
quency shift for the moving clock of (17)

df
f0

¼ 1
〈gð1 − v∥=cÞ〉

− 1 ð1Þ

Here v|| is the velocity of the Al+ ion along
the wave vector of the probe laser beam g ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2=c2

p
, c is the speed of light, v is the

ion’s velocity with respect to the laboratory ref-
erence frame, and f0 is the ion’s proper resonant
frequency. Angle brackets denote time averages.
Because the induced Al+ ion motion is harmonic,
its contribution to 〈v||〉 averages to zero; therefore,
any observed change in the ion’s transition fre-
quency is due to a change in g and corresponds to
relativistic time dilation (18). For v/c << 1, Eq. 1
can be approximated by df /f0 ≈ −〈v2〉/2c2 (17). We
measured the frequency difference between the
two clocks (df/f0) while varying the velocity of the
ion motion. The experimental results, which con-
firm the prediction of Eq. 1, are plotted in Fig. 2.

Differences in gravitational potential can be de-
tected by comparing the tick rate of two clocks. For
small height changes on the surface of Earth, a
clock that is higher by a distance ∆h runs faster by

df
f0

¼ gDh
c2

ð2Þ

where g ≈ 9.80 m/s2 is the local acceleration due
to gravity (4). The gravitational shift corresponds
to a clock shift of about 1.1 × 10−16 per meter of
change in height. To observe this shift, we first
compared the frequencies of the two Al+ clocks at
the original height difference of ∆h = h(Mg-Al) −
h(Be-Al) = −17 cm, which was measured with a
laser level. Then we elevated the optical table on
which theMg-Al clock was mounted, supporting
it on platforms that increased the height by 33 cm,
and compared the frequencies again. The two mea-

surements consist of approximately 100,000 s of
low-height data and 40,000 s of high-height data,
and the clocks exhibit (Fig. 3) a fractional fre-
quency change of (4.1 T 1.6) × 10−17. When this
shift is interpreted as a measurement of the change
in height of the Al-Mg clock, the result of 37 T
15 cm agrees well with the known value of 33 cm.

Although ideally 〈v||〉 = 0, small linear veloc-
ities of the Al+ ions can occur because of effects
such as slow electrical charging of insulating ma-
terial in the trap. FromEq. 1, the clock’s frequency
(that is, the frequency of the probe laser locked to
the moving ion’s clock transition) exhibits a frac-
tional frequency shift

df
f0

≈
〈v∥〉
c

ð3Þ

if the Al+ ion is moving at an average velocity 〈v||〉
in the propagation direction of a probe laser beam.
In the comparison measurements between the Al+

clocks, theDoppler effect was carefully constrained
by alternate use of probe laser beams counter-
propagating with respect to each other (11). Any
motion of the ion is detected as a difference in the
transition frequencies measured by the two laser
beams. In theAl-Mg clock,we observed a fractional
frequency difference of (1.2 T 0.7) × 10−17 be-
tween the two probe directions, which corresponds
to the ionmoving at a speed of (1.8 T 1.1) nm/s in
the lab frame. However, the clock rate is not sig-
nificantly affected by a velocity of this magnitude,
because it is derived from an average of the two
opposite laser-probe directions.

Small relativistic effects reported here have
been observed with optical atomic clocks of un-
precedented precision and accuracy. With im-
proved accuracy, the sensitivity of optical clocks
to small variations in gravitational potential might
find applications in geodesy (19, 20), hydrology
(21), and tests of fundamental physics in space

(22). The basic components for clock-based geo-
detic measurements were demonstrated here by
comparing two accurate Al+ optical clocks through
75 m of noise-canceled fiber and measuring
height-dependent clock shifts. In clock-based
geodesy (23, 24), accurate optical clocks would
be linked to form a network of “inland tide gauges”
(25) that measure the distance from Earth’s sur-
face to the geoid: the equipotential surface of
Earth’s gravity field that matches the global mean
sea level. Such a network could operate with high
temporal (daily) and geospatial resolution at the
clock locations. It would therefore complement
geodetic leveling networks, whose update period
is typically 10 years or longer, as well as biweekly
satellite-generated global geoid maps.

For a network to be useful, clock accuracy
must be improved to 10−18 or better (26–28) to
allow for height measurements with 1-cm uncer-
tainty. In Al+ clocks, improved control of the ion
motion is needed to reduce the uncertainty of
motional time dilation, and issues of reliability
must be addressed, so that the clocks can operate
unattended for long periods. High-quality links
are also needed to connect the optical clocks.
Realistic link demonstrations with telecommuni-
cations fiber akin to the links used in this work
have shown that optical frequencies can be trans-
mitted across fiber lengths of up to 250 km with
inaccuracy below 10−18 (29–31), and continent-
scale demonstrations are in progress (30). How-
ever, intercontinental links may require the faithful
transmission of optical carrier frequencies to sat-
ellites through the atmosphere, and this is an un-
solved problem under active investigation (32, 33).

References and Notes
1. A. Einstein, Annal. Physik 17, 891 (1905).
2. B. Rossi, D. B. Hall, Phys. Rev. 59, 223 (1941).
3. J. C. Hafele, R. E. Keating, Science 177, 166 (1972).
4. R. F. C. Vessot et al., Phys. Rev. Lett. 45, 2081

(1980).

0 5 10 15
−1.5

−1

−0.5

0

0.5

1

Measurement number

δ f
 f

 (
10

−1
6 )

B

g

A

/

Fig. 3. Gravitational time dilation at the scale of daily life. (A) As one of the
clocks is raised, its rate increases when compared to the clock rate at deeper
gravitational potential. (B) The fractional difference in frequency between
two Al+ optical clocks at different heights. The Al-Mg clock was initially
17 cm lower in height than the Al-Be clock, and subsequently, starting at
data point 14, elevated by 33 cm. The net relative shift due to the increase in

height is measured to be (4.1 T 1.6) × 10−17. The vertical error bars rep-
resent statistical uncertainties (reduced c2 = 0.87). Green lines and yellow
shaded bands indicate, respectively, the averages and statistical uncertain-
ties for the first 13 data points (blue symbols) and the remaining 5 data
points (red symbols). Each data point represents about 8000 s of clock-
comparison data.
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One of the Fe-Cu dimers in Fig. 4B always
exhibits a larger T1 than the other. We speculate
that this variation is due to differences in the
nearby surface features as seen in the accompany-
ing topographs. This observation emphasizes the
capability of the all-electronic pump-probe tech-
nique presented here to resolve local variations in
the spin relaxation time with atomic precision.

The pump-probe scheme we have described
can be used to monitor the temporal evolution of
any excitation provided (i) the excitation can be
driven by tunneling electrons; (ii) the conduct-
ance of the tunnel junction exhibits a postexcita-
tion time dependence; and (iii) the system evolves
on an accessible time scale. Excitations fulfilling
these requirements include long-lived vibrational
excitations, conformational changes ofmolecules
(26) such as in molecular motors (27), or fast
localized heating (28). We emphasize that this
pump-probe scheme can in principle be used to
monitor the dynamical evolution of the excited
state, not just its relaxation; with sufficient tem-
poral resolution it should be possible to monitor
the vibration of an atom ormolecule and even the
precession of a spin.
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Optical Clocks and Relativity
C. W. Chou,* D. B. Hume, T. Rosenband, D. J. Wineland
Observers in relative motion or at different gravitational potentials measure disparate clock
rates. These predictions of relativity have previously been observed with atomic clocks at high
velocities and with large changes in elevation. We observed time dilation from relative speeds of
less than 10 meters per second by comparing two optical atomic clocks connected by a 75-meter
length of optical fiber. We can now also detect time dilation due to a change in height near
Earth’s surface of less than 1 meter. This technique may be extended to the field of geodesy, with
applications in geophysics and hydrology as well as in space-based tests of fundamental physics.

Albert Einstein’s theory of relativity forced
us to alter our concepts of reality. One of
the more startling outcomes of the theory

is that we have to give up our notions of simul-

taneity. This is manifest in the so-called twin
paradox (1), inwhich a twin siblingwho travels on
a fast-moving rocket ship returns home younger
than the other twin. This “time dilation” can be

quantified by comparing the tick rates of identical
clocks that accompany the traveler and the sta-
tionary observer. Another consequence of Ein-
stein’s theory is that clocks run more slowly near
massive objects. In the range of speeds and
length scales encountered in our daily life,
relativistic effects are extremely small. For
example, if two identical clocks are separated
vertically by 1 km near the surface of Earth, the
higher clock emits about three more second-ticks
than the lower one in a million years. These
effects of relativistic time dilation have been
verified in several important experiments (2–6)
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Fig. 4. Field and site dependence of the spin relaxation time. (A) Pump-probe measurements for different magnetic fields on an Fe-Cu dimer; solid
lines are exponential fits. (B) T1 as a function of magnetic field for the two Fe-Cu dimers shown in the accompanying 5-nm by 5-nm STM topographs.
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Parameter estimation and uncertainty relations

What is the meaning of 

★Time-energy uncertainty relation?

 ΔEΔT ≥ ! / 2

★ Number-phase uncertainty relation?

 ΔNΔφ ≥ ! / 2



Parameter estimation in classical and quantum physics

  1. Prepare probe in suitable initial state 
  2. Send probe through process to be investigated 
  3. Choose suitable measurement 
 4. Associate each experimental result j with estimation

δ X ≡ 〈 Xest ( j)− X[ ]2 〉 j
X=Xtrue

 →  Merit quantifier

Xest = Xtrue ,  d Xest / dX = 1 →  Unbiased estimator



Quantum parameter estimation

1. Precision in determination of parameter depends on the 
distinguishability between quantum states corresponding to nearby 
values of the parameter. 
2. Measurement limited by quantum-mechanical restrictions 
3. Is it possible to get better precision (for the same amount of 
resources) by using special quantum states?

RESOURCES: Number of atoms in atomic 
spectroscopy, number of photons in optical 
interferometry, average energy of a harmonic 
oscillator...

NEW POINTS TO CONSIDER



Example: Optical interferometry

Standard limit:

Heisenberg 
limit:Possible method to increase precision for the same average number 

of photons: Use NOON states [Bolinger et al., PRA 1996]

ψ N( ) = N ,0 + 0,N( ) / 2 → ψ N ,δθ( ) = N ,0 + eiNδθ 0,N( ) / 2,   n = N( )

δθ ≈
1
n

        α αeiδθ
2
= exp − α 1− eiδθ( ) 2( )

≈ exp − n δθ( )2⎡⎣ ⎤⎦ ⇒δθ ≈ 1 / n

ψ N( ) ψ N ,δθ( ) 2
= cos2 Nδθ / 2( )⇒δθ ≈ 1 / N

Precision is better, for the same amount of resources (average 
number of photons)!

Heisenberg limit



Cramér, Rao, and Fisher

H. Cramér                 C. R. Rao                         R. A. Fisher    

Cramér-Rao bound for unbiased estimators:

δ X ≥1/ νF(Xtrue ),   F X( ) ≡ dξ∫  p(ξ | X)
d  ln p ξ | X( )⎡⎣ ⎤⎦

dX
⎛

⎝⎜
⎞

⎠⎟

2

 

                                                                   ν →  Number of repetitions of the experiment
p ξ | X( )→   probability density of getting an experimental result ξ

Fisher 
information

1922, 1925

(Average over all experimental results)

Asymptotically attainable when ν → ∞



This corresponds to a given quantum measurement. Ultimate lower 
bound for                  : optimize over all quantum measurements        
so that                                             

Quantum Fisher Information

h(�Xest)
2i

p ξ | X( ) = Tr ρ̂ X( ) Êξ⎡⎣ ⎤⎦F X;{Êξ}( ) ≡ dξ  p∫ ξ | X( ) d  ln p ξ | X( )⎡⎣ ⎤⎦
dX

⎛

⎝⎜
⎞

⎠⎟

2

 

 
FQ (X) = max Eξ{ }F X; Eξ{ }( )

dξÊξ∫ = 1̂ POVM

       Quantum Fisher Information

(Helstrom, Holevo, Braunstein and Caves)

= ψ 1 ψ 2
2

 (pure states)

FQ / 2 →  speed

Bures' Fidelity: ΦB ρ̂1, ρ̂2( ) ≡ Tr ρ̂1
1/2ρ̂2ρ̂1

1/2( )2

⇒ΦB ρ̂ X( ), ρ̂ X +δ X( )⎡⎣ ⎤⎦ = 1− δ X / 2( )2 FQ ρ̂ X( )⎡⎣ ⎤⎦ +O δ X( )4⎡⎢ ⎤⎥

Related to 
distinguishability 
between states

Geometrical interpretation



Quantum Fisher information for pure states

Initial state of the probe:             
Final X-dependent state:                                     ,           unitary operator.  

| (0)�
|�(X)� = Û(X)|�(0)�

FQ(X) = 4⇤(�Ĥ)2⌅0 , ⇤(�Ĥ)2⌅0 ⇥ ⇤�(0)|
h
Ĥ(X)� ⇤Ĥ(X)⌅0

i2
|�(0)⌅

Ĥ(X) ⌘ idÛ
†(X)
dX Û(X)

Then (Helstrom 1976):

where

If                            ,    independent of X, then ˆU(X) = exp(i ˆOX)

Ô Ĥ = Ô

Û(X)

) Should maximize the variance to 
get better precision!

δx ≥ 1 / 2 ν ΔĤ 2



Optical interferometry

Standard limit: coherent states

Increasing the precision: maximize variance with NOON states:

ψ N( ) = N ,0 + 0,N( ) / 2

Δn̂( )2
0
=
N 2

4
⇒δθ ≥

1
N

Precision is better, for the same amount of resources. 

                            where              is the photon-number variance in 
the upper arm. 

h(�n̂)2i0

n̂ = â†a ! Generator of phase displacements

) FQ(✓) = 4h(�n̂)2i0

FQ(✓) = 4h(�n̂)2i0 = 4hn̂i ) �✓ � 1

2
p

hni(Poissonian distribution of photons)

) �✓ � 1

2
p

h(�n̂)2i
(⌫ = 1)



Quantum metrology and weak-value amplification

Usual framework: Start with Von Neumann measurement scheme

Â !
M̂ !

System observable (assume discrete non-degenerate spectrum:                    )
Meter observable (assume continuous spectrum)

Free-evolution neglected

| ii = | iiA ⌦ |�iiMInitial state of A+M:

ĤI(t) = ~g�(t� t0)Â⌦ M̂ ) ˆU(g) = exp(�ig ˆA⌦ ˆM)

A

M
U

X

Value of pointer observable - 
canonically conjugate to M̂

Example: If     = momentum,    = position

Â|aii = ai|aii

| iiA =

X

i

ci|aii , |�iiM =

Z
dx c(x)|xi

) | f i = exp(�ig

ˆ

A⌦ p̂)| iiA ⌦ |�iiM =

X

i

ci|aii ⌦
Z

dx c(x)|x� gaiiM

Strong (standard) measurement: 

Weak measurement: |g|�a . �x

|g|�a � �x

M̂ X̂

| iiA

|�iiM

x

�x

|c(x)|2



Quantum metrology and weak-value amplification

Strong

Weak



Pre- and post-selected measurements

A

M
U

X

Measurement of X is conditioned on 
measurement of A in state 

| f iA

Unnormalized meter state after post-selection:

pf (g) = |h f |Û(g)| ii|2 | ii = | iiA ⌦ |�iiM

|�f (g)iM = Ah f | exp(�ig ˆA⌦ ˆM)| iiA ⌦ |�iiM
⇡ Ah f |1� ig ˆA⌦ ˆM | iiA ⌦ |�iiM
= Ah f | iiA(1� igAw

ˆM)|�iiM ⇡ Ah f | iiA exp(�igAw
ˆM)|�iiM

so the pointer is displaced now by the amount 

Aw = Ah f |Â| iiA
Ah f | iiA ! Weak value

Could be much larger than      , by choosing                         sufficiently smallhÂi � = Ah f | iiA
Must have, however, |gAw|�M ⌧ 1

| iiA

|�iiM

ΔM →  width of φi M

Two small parameters: g and δ

ψ f A



Example: Quantum version of random walks

ˆU = exp(�i ˆSz
ˆP `/~) z}|{`

Initial state

| i = c"|"i| (x0 � `)i+ c#|#i| (x0 + `)i)Final state

| i = | (x0)i(c"|"i+ c#|#i)
x0

hx| (x0)i

c", c# real

Final state in configuration space 
conditioned to measurement of state

|✓i = sin(✓/2)| "i � cos(✓/2)| #i
with tan(✓/2) = |c#/c"|(1� ✏) ✏ = 0.1

` = 0.01

 (x) = exp(�x

2
/2)/⇡

1/4

10 steps

5 steps

(For          ,        becomes 
orthogonal to initial spin state)

✏ = 0 |✓i



What about the precision?
Quantum Fisher information corresponding to g (averages in initial state):

F(g) = 4
h
hÂ2ihM̂2i � hÂi2hM̂i2

i
! F(g) = 4hÂ2ihM̂2iˆU(g) = exp(�ig ˆA⌦ ˆM) )

M h�i|M̂ |�iiM = 0(Assume                              )                

| f i ! Post-selected state of A

Êj ! Generalized measurements on M

Corresponding Fisher information with post-selection procedure

Pj(g) = h�f (g)|Êj |�f (g)i

pf (g) = |h f |Û(g)| ii|2Fisher information 
corresponding to 
measurements on the meter 
after post-selection, degraded 
by loss of statistical data

Information on g 
encoded in pf (g)

Fps(g) = pf (g)
nX

j=1

1

Pj(g)


dPj(g)

dg

�2

| {z }

+
1

pf (g)[1� pf (g)]


dpf (g)

dg

�2

| {z }

{| f ih f |⌦ Êj , (1̂A � | f ih f |)⌦ 1̂M}, j = 1, 2, . . . nPOVM:



What about the precision?

Pj(g) = h�f (g)|Êj |�f (g)i

pf (g) = |h f |Û(g)| ii|2
Fisher information corresponding 
to measurements on the meter 
after post-selection, degraded 
by loss of statistical data

Information on g encoded in pf (g)

Fps(g) = pf (g)
nX

j=1

1

Pj(g)


dPj(g)

dg

�2

| {z }

+
1

pf (g)[1� pf (g)]


dpf (g)

dg

�2

| {z }

Optimal post-selection: | opt

f i = ˆA| ii
h ˆA2i1/2

) Fps(g) !
Quantum Fisher 
information         
for small g

|gAw|�M ⌧ 1

F(g)

FM (g) Fpf (g)

Fpf (g) ! F(g)

FM (g) ! F(g)

|gAw|�M � 1

)
)

Region of validity of weak-value theory 

Region  |h f | ii| ⌧ 1

Weak value: Aw = h f |Â| ii
h f | ii = h i|Â2| ii

h i|Â| ii
� h i|Â| ii

pf (g) = |h f |Û(g)| ii|2

F(g) = 4
h
hÂ2ihM̂2i � hÂi2hM̂i2

i
! F(g) = 4hÂ2ihM̂2i



Example: spin measurement

Â = �̂z Â2 = 1̂

✓i

| f i = �̂z| ii | ii
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|g|�M = 0.1

Transition region:                          |gAw|�M ⇡ 1

Û g( ) = exp −igσ̂ zM̂( ) | opt

f i = ˆA| ii
h ˆA2i1/2

= σ̂ z ψ i

Aw =
1

ψ f ψ i

δ
!"# $#

= 1
ψ i σ̂ z ψ i



Example: spin measurement
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Energy-time uncertainty

�E�T � ~



Energy-time uncertainty

Leonid Mandelstam

Igor Tamm



Energy-time uncertainty

Geometric derivation, generalization to time-dependent 
Hamiltonians.  Inequality derived from the condition that 
actual path followed by the states should be larger than 
geodesic connecting the two states.

Generalization to non-unitary processes? Life-time for decay 
processes? Hamiltonian should not show up!



Motivation

1. Foundations of quantum mechanics: How to interpret this 
relation? (Heisenberg, Einstein, Bohr, Mandelstam and 
Tamm, Landau and Peierls, Fock and Krylov, Aharonov and 
Bohm, Bhattacharyya) 

2. Computation times: e.g., time taken to flip a spin — 
Quantum speed limit 

3. Quantum-classical transition: Decoherence time 
4. Control of the dynamics of a quantum system: find the 

fastest evolution given initial and final states and some 
restriction on the resources (e.g. the energy) or the general 
structure of the Hamiltonian. 

5. Relation with quantum metrology



Quantum speed limit for physical processes

Lower bound for time 
needed to reach fidelity                         
                  between 
initial and final states

Special case: Unitary evolution, time-independent Hamiltonian, 
orthogonal states Anandan-Aharonov

Bures length 
of geodesic

Bures length of actual 
path followed by state of 
the system

�B [⇢̂(0), ⇢̂(⌧)] = 0, FQ(t) = 4h(�H)2i/~2 ) ⌧
p
h(�H)2i � h/4

M. M. Taddei, B. M. Escher, L. Davidovich, and R. L. de Matos Filho, PRL 110, 050402 (2013)

⇒arccos

p
�B [⇢̂(0), ⇢̂(⌧)] 

Z ⌧

0

q
FQ(t)/2dt

ΦB ρ̂ 0( ), ρ̂ τ( )⎡⎣ ⎤⎦

Inequal ity is saturated if 
dynamical process joins          and 
        along a geodesic

ρ 0( )
ρ τ( )

(Distance between 
two states)



Parameter estimation in open systems: 
Extended space approach

S

E |ΦS ,E (x)〉 = ÛS ,E (x) |ψ 〉S | 0〉E

Given initial state and non-unitary evolution, define in S+E

  
FQ ≡ max

Ê j
(S )⊗1̂

F Êj
(S ) ⊗ 1̂( ) ≤ max Ê j

(S ,E ) F Êj
(S ,E )( ) ≡CQ

Then

Bound is attainable - there is always a 
purification such that

B. M. Escher, R. L. Matos Filho, and L. D., Nature Physics 7, 406 (2011); 
Braz. J. Phys. 41, 229 (2011)

Physical meaning of this bound: information 
obtained about parameter when S+E is monitored

  CQ = FQ

Least upper bound: Minimization over all 
unitary evolutions in S+E - difficult problem

Then, monitoring S+E yields same 
information  as monitoring S

(Purification)



Quantum speed limit for open systems: 
Purification procedure

D := arccos

p
�B [⇢̂(0), ⇢̂(⌧)] 

Z ⌧

0

q
FQ(t)/4 dt

⇓
D 

Z ⌧

0

q
CQ(t)/4 dt =

Z ⌧

0

q
h�Ĥ2

S,E(t)i/~ dt.

ĤS,E(t) :=
~
i

dÛ†
S,E(t)

dt
ÛS,E(t)

ÛS,E(t): Evolution of purified state corresponding to ⇢̂S

Problem: No analytical 
expression for FQ

⇓ Purification!



If initial state is the excited state, then evolution is along a geodesic:

Quantum speed limit for physical processes: 
amplitude damping channel

|0i|0iE ! |0i|0iE ,

|1i|0iE !
p

P (t)|1i|0iE +
p

1� P (t)|0i|1iE P (t) = exp(��t)

) �⌧ � 2 ln sec(D/
p

h�̂+�̂�i)

Bound is saturated if h�̂+�̂�i = 0 or 1

|1ih1| ! P (t)|1ih1|+ [1� P (t)]|0ih0|

Interpretation:

D 
p

h�̂+�̂�i arccos[exp(��⌧/2)]

Initial population of 
excited state

h�̂+�̂�i = 1 )

Also good for 
dephasing channel



Related work

Phase diffusion in 
optical interferometers

Phase estimation in lossy optical 
interferometers

Estimation of weak 
forces
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